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Effective Lagrangian for strongly coupled domain wall fermions
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We derive the effective Lagrangian for mesons in lattice gauge theory with domain-wall fermions in the
strong-coupling and largl. limits. We use the formalism of supergroups to deal with the Pauli-Villars fields,
needed to regulate the contributions of the heavy fermions. We consider the spectrum of pseudo-Goldstone
bosons and show that domain wall fermions are doubled and massive in this regime. Since we take the extent
and lattice spacing of the fifth dimension to infinity and zero, respectively, our conclusions apply also to
overlap fermions.
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I. INTRODUCTION [4] in the limit that the size and lattice spacing of the fifth
dimension are taken to infinity and zero, respectiglyd].
From its inception, lattice gauge theory was hampered byrhe bulk degrees of freedom remain massive. They decouple
the absence of an adequate fermion formulation. It wass the four-dimensional lattice is removed, leaving a four-
thought for many years that there is no discretization schemedimensional Dirac operator describing the chiral surface
that displays explicit chiral symmetry without either sacrific- modes.
ing locality or introducing non-physical doublers in the fer-  In this paper we study domain wall fermions in the limit
mion spectrum. This state of affairs was summarized in th@f strong gauge coupling. We adapt the classic method of
famous no-go theorem of Nielsen and Ninomjjla Recent Kawamoto and Smif10] to derive an effective action for
years have seen major progress in the construction of latticgesonic degrees of freedomi novel ingredient of the do-
regularizations of fermions with good chiral propert{eq. main wall formalism is the PV bosons. We combine the fer-
Domain wall[3] and overlag4] formulations preserve chiral mions and pseudofermions into a supervector, and similarly
symmetry exactly, allowing the construction of vector gaugegroup the effective degrees of freedom into a supermatrix.
theories on the lattice. An idea common to these schemes fBhen the formalism of supergroups allows us easily to ex-
that of employing a large number of fermion flavors, one oftend the treatment of the fermions to an analysis of the com-
which survives in the continuum limit as a massless fermiorplete theory. The effective action contains all the mesonlike
supporting exact chiral symmetry. states that can be constructed from pairs of fermions, from
In the domain wall formulation, the expanded flavor spacepairs of bosons, and from boson-fermion pairs.
may be seen as an extra dimension with a defect in a back- The interesting question is, does this theory really behave
ground field. One chirality of the Dirac spinor is exponen-as one would expect of a theory of exactly chiral quarks? To
tially localized along the defect. If the extra dimension isaddress this, we take the number of colNgsto infinity and
periodic and of finite extenks, the other chirality will be |ook for saddle points of the effective action. Following
localized along an unavoidable second defect, while all th&Kawamoto and Smit, we begin by setting the Wilson param-
other Dirac fermionsLs—1 in number, stay heavy. This is eterr to zero and classifying the symmetries of the theory;
also the scheme in Shamir’s surface-fermion vari@6],  we display explicitly the Goldstone bosons that are the fluc-
which we study in this paper; here the chiral modes are lotuations around the saddle point. The spectrum of Goldstone
calized on the surfaces of a five-dimensional slab. In eithebosons is characteristic of a theory with complete fermion
case, the limitLs— requires that the contribution of the doubling, which is not surprising since it is the term propor-
heavy flavors be subtractdd,6—8 by introducingLs fla-  tional tor in the fermion action that breaks naive doubling in
vors of pseudofermion fields, often called Pauli-VillaRyV) the first place. When we proceed, however, to perturb the
fields. These are bosons that have the same index structureseddle point with the terms, we find that the doubling per-
the fermions. sists and that the only effect of the perturbation is identical to
Domain wall fermions are equivalent to overlap fermionsthat of adding a mass ter(in the manner of Shamjb,6]) to
the domain wall action. We conclude that in the strong cou-
pling limit, domain wall fermions are doubled and massive,
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We thus confirm the conclusion reached by two of 16 The extension of the calculation to include the PV bosons
through study of the Hamiltonian of domain wall fermions atis straightforward. The saddle point in the enlarged field
strong coupling. Unfortunately, our analysis here is more inspace is the obvious extension of the saddle point found
volved and perhaps less conclusive. Study of the Hamilabove. Perturbing the saddle point with the Wilson term of
tonian via Rayleigh-Schabinger perturbation theory is the bosonic fields gives a mass matrix for the pseudo-
straightforward and leads unambiguously to an effectiveGO|d9ft0ne bosons that is identical in form to that due to the
Hamiltonian for mesonic degrees of freedom. The symmeMassive fermions. _ _ _
tries of this effective theory are readily apparent. In the Eu- We conclude with some discussion and comparison to
clidean formulation some additional approximation is neces®ther work.
sary, such as a hopping parameter expansion, mean field
theory, or the largeN. limit.2 Even at largeN., one might Il. THE EFFECTIVE ACTION AT STRONG COUPLING
argue that there exists another saddle point with different AND LARGE N,
symmetry properties. _Nor_letheless, _the Egclidean study A. Without Pauli-Villars bosons
complements the Hamiltonian results in that it does not re-
quire a time-continuum limit and thus does not introduce a We define domain wall fermions on a five-dimensional
new question regarding the order of limits. hypercubic lattice. The fifth dimension has finite extegt

In Sec. Il we derive the strong-coupling effective action.for generality we assign a lattice spaciagp the four dimen-

For pedagogic reasons, we begin by ignoring the PV boson§j0n5 of Euclidean space-time and a separate lattice Spacing
Following Kawamoto and Smif10], we integrate out the as to the fifth dimension. We shall denote by
gauge field in this limit and rewrite the resulting path integral = (X1,X2,X3,X4) @ coordinate vector in the four dimensional

in terms of a bosonic matrix field. That this path integral Space, with Greek indicgs, v, . . . ; thefifth coordinate iss.
generates the same Green functions as the original Grasshe fermion fieldyZs is a Grassmann field carrying color
mann integral is due to an equality between generating fundndexa=1, ... N, and Dirac-flavor indexa=1, ... ,4;.

tions that was proven ifnl10] (following [19]). This path ~ The gauge fieldJ,, is anSU(N.) matrix field that resides
integral contains the effective action. While its derivationon the four-dimensional links only and is independens.of

does not depend on a lard&-limit, we give its explicit form The action is a sum of pure-gauge and Dirac actions:

for this case only. In the last part of Sec. Il we repeat the _ _

derivation with the bosons included. This requires a gener- S(U, ¢, )= Sy(U) + Se(,4,U). 2.9

alization to supermatrices of the identity relating generating

functions, which we prove in Appendix B. The gauge action is as usual a sum over plaquettes:
Since the chiral symmetry of the domain wall action

arises dynamically, it is difficult to analyze the symmetry of 2N, 1

the effective action directly. The symmetry analysis cannot Su=— > (1— N—Re TrUp). (2.2

be divorced from the dynamics. Section lll is devoted to 9" P ¢

deriving the symmetry breaking pattern of the theory and the ) ) )

spectrum of Goldstone bosons. We can only make analyti¥Ve write the fermion action as

progress in théN,— « limit. Here the task at hand is to find

saddle points of the effective action. Again we start with an Sr=54+S5+ Sy, (2.3
analysis of the theory without the PV bosons. We begin by

settingr to zero which makes finding a saddle point straight-with*

forward. In this limit the symmetry of the effective action is

apparent; upon introducing an ansatz for the saddle point we e T Vi ab b8
display the pattern of spontaneous symmetry breaking and SFE s\ = Usu'i s
the concomitant Goldstone bosons. Then we turn on the Wil- * ap

son term in the action and we compute its effect on the e [TV fab b
saddle point. It turns out that the degeneracy of ttike0 +¢X+,;,s( > ) Ui ts | 2.9
saddle point is broken by theterm, but only in the way that ap
a mass term breaks it, that is, by breaking chiral symmetry
while leaving the doubling. We show explicitly that inclusion M 1+ Vs
of the Shamir mass term does the same. Ssng 521 i ig( > ) e
= s
_ 1—

2In the Hamiltonian formalism, a strong coupling expansion com- + '/fig+ 1( 2),5) 35 , (2.5

bined with a largeN, expansion has been used[iv,18§]. ap

3It is curious but true that one may consistently ignore the PV
bosons in the Hamiltonian calculation to lowest order ig?1/16],
but not in the Euclidean calculation. To our knowledge, there is no “Our Dirac matricesy, are Hermitian and satisfy{y,,v,}
established correspondence between the perturbation series in the26,,,. We definea,=vy,y, so thata,=1 anda, , 3 are anti-
two formalisms. Hermitian. ys is Hermitian.(See Appendix A.
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aa
XS’

sm=<m—4—p)§ YRg (2.6)

andp=alas. Only S, contains the gauge field.
In the strong-coupling limit we drofs,. The effective
action will then be written in terms of the meson field:

1
ME0= 2 v 2.7
ca=1

This is a color singlet, local im but nonlocal ins, and hence
we write it as a (MN¢Ls) X (4N;Ls) matrix. (This is in line
with the view thaisrepresents an internal flavor index. Even-
tually we will isolate the projection of onto the subspace
spanned by the chiral surface modes.

In the strong-coupling limit the partition function is given

by

zZ= f Dy Dy DU expSe( i, i, V). (2.9
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FIG. 1. The functionF(\). The dotted line id==2\/4.

note that one may use a straight liR€\)=\/4 as a first
approximation.

The remainder o8¢ couples fields along the fifth axis for
fixed x. We can rewrite this in terms of as well, viz.,

The integration over the gauge field can be performed imme-

diately by noting that it is simply a product of decoupled link
integrals,

esl(%l//)EJ’ DU EXDS4($, l/"'U)

=]X'£ dUexpT{A,(x)U+UTA,(x)], (2.9
where we have defined
Aba _2 Tjaa r+7# ba 2
ALO=2 Uil 5| b (2.10
« [TV
ALO=2 ?M( 5 “) ; 25 - (2.1

The integral in Eq(2.9) can be carried out explicitly for any
value ofN, [20], and the result expressed in terms/ef(x).
We are interested in the limN.—« [21,22. Defining

N (X)= —AM(x) r+27“M(x+ [L)r_z”‘, (2.12
the result is
Sl(M)=NCXEH trF(\ ,(X)), (2.13
where
F(\)=1—1—\+log %(1+ﬂ) . (214

The trace(“tr” ) in Eq. (2.13 denotes a trace over Dirac-

St=S.+Sy=—N.>, trD- M(x), (2.15

where we denote byp* the fifth-dimension Wilson-Dirac

operator,

1+ ys
2

1-ys
T) é\s,s’-%—l

1 _
Dss’_p

s,s’—l+

+(M—4—p)dss , (2.19

with implicit limits on sands’ as indicated in E¢(2.5). The
complete partition function is then

Z(J3)= f Dip Dy exyd Sy(M) + SH(M) + Sy(I, M) ],
(2.17

where we have added an external current coupled to mesonic
bilinears according to

S)= Ed YL (x) y2h = —Ncg tr J(X) M(x)
XS

(2.18
so that functional differentiation with respect dagenerates
Green functions of the fermion bilinear fielti(x).

As shown in[10], the same Green functions are generated
by the purely bosonic partition function

Z(J)=f DM(x)ex;{—Ncg trlog M (x)

X exd Sy(M)+SH(M)+S,(I,M)].  (2.19

flavor ands indices, not to be confused with the color trace Here M(x) e U(4N¢Ls) is a bosonic, unitary matrix field

(“Tr” ) appearing in Eq(2.2. We plotF(\) in Fig. 1, and

andDM (x) indicates the invariant Haar measure at each 4D
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sitex. (We derive this result in Appendix B, and generalize it where
to include Pauli-Villars fields. Collecting everything, we

have Prlo1=— b1 (2.29
We groupy and ¢ into a superfield,
Z(J):f DM (x) eSe M), (2.20 an
[
Vie=| ,aal- (2.29
with xs
The generalized meson field is a supermatrix containing
A Grassmann elements as well as ordinary numbers,
Ser(M)=Ng| 2 trF[=MOO)(r+7,)MOx+p)(r=7,,)]
M N¢
1
ss’(X)_ N_ 2 aa\I’:f’
— > trDEM(x)— 2, trlogM(x) =
X X J—
1 % v i‘;‘qsi‘ff) 026
_g tr J()M(X) |. (2.20) N, & agy2b  gax gab
It is a (4N;2Ls5) X (4N¢2L5) matrix that contains the old
We setJ=0 henceforth. _ L meson matrix2.7) in the upper left-hand corner.
The fifth-dimension Wilson-Dirac operatdr- is not Her- In the strong coupling limit the partition function is now

mitian. It will be convenient to work with the Hermitian
operatorh=y,D*, so we substitutél —M y,, giving

Z= f Dy Dy Dp Dep DU

Ser(M) = 2 trF[=M(X) y4(r +7,,) Xexd Se(¢,,U) + Spv(¢,6,U)].  (2.27)
We integrate out the gauge fields as we did in &99),
XM (xX+ @) 4(r =7,)]= 2 trhM(x) o _ _
g esl(w|¢:¢a¢)5j DU exlis4( lzbv ¢1U)+S4(¢1¢1U)]
—E trlogM(X)|. (2.22
* —H dUexp TEA,()U+UTA,(x)],
The measure and trldg are unchanged sincg, is a special (2.28

unitary matrix. h is precisely the single-site Hamiltonian

studied(in the as— 0 limit) in [16]. We review its spectrum where we have defined, in analogy with Eq2.10 and

and eigenfunctions in Appendix A. (2.1,
— [r+vy
Abas\ aa it b
B. Addition of Pauli-Villars bosons Au0= ES WXS( 2 B\PH#,S’ (229
We have so far neglected the Pauli-Villars fields. Intro-

duction of supermatrix notation will enable us easily to ex- Aba(x) Z = Yu b8 (2.30
tend our calculation to include their effects in the effective S xw s\ 2 s ' '
action. “

Following Vranag 8], we introduce scalar field#ss and  Performing the integral2.28) in the limit N.— we obtain
their conjugates, with the same indices as the fermions. The|cf. Eq. (2.13)]
action Sp\( ¢, ¢) is identical in form to the fermion action
Sr [see Eqs(2.3—(2.6)]. The only difference is the imposi- SHM)=N.2, StFE(\ (X)), (2.3)
tion of antiperiodic boundary conditions instead of the free Xu .

surfaces as=1 ands=Lg, which we write as a modification _
of S, where Str denotes the supertrdsee Appendix B F and\

are the same as before, withdefined in terms of the new
supermatrix fieldM. The equivalent of Eg(2.15 is

Ls
—aa 1+’Y5
s&-ﬁpEE[ o 15 e
X s=1 aﬁ

St=—N.>, StrD*M(x), (2.32

1-vs
+¢x s+1< 2 ) ig}' (223) . .
aB where the newD*' is defined by
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L D O
Di=| o L]
PV

We can eliminate the matrices by performing the following
(2.33 unitary transformatiorispin diagonalizatiof17,23):

M(X)— (@1) (@) 2( a3)"SM(X)(a@3) 3(@2)*2( ay)™.
Here D¢ is the fermionic fifth-dimension Wilson-Dirac op- 3.2
erator given in Eq(2.16); the Wilson-Dirac operatddp,, for ) S )
the bosons is derived from E¢R.23 and differs fromD: ~ We obtain the simplified expression
only on the boundaries. Thus we arrive again at @qL7),

Ser(M) =N,

> trEIM(X)M(Xx+ @) ]— 2>, trhM(x)
zzfpxl_fmf exd Sy (M) +S-(M)],  (2.34 o "
. 3.9

— Z trlog M (x)
mutatis mutandis X
We show in Appendix B that the integral over the super-

field ¥ can be replaced by an integral over a supermatrix. If we s_et_h=0_, the theory described by _the effective ac-
field M, tion (3.3 is invariant under the transformation

UM(x)VT  forxeven,
ZZJDM(X)QXF{_NCE StrlogM(x) M(X)_) VM(X)UT for x odd, (34)

X ex] Sy (M) +S-(M)]. (2.35  WhereU,VeU(4N;Ls). This is a global left-right symmetry
typical of non-linear sigma models. Inclusion lofrestricts
In this equationM(x) is an element of the supergroup the transformation by the conditiodh=hV. Within a de-
U(4N¢Ls|4N;Ls) andDM(X) is the corresponding invariant 9enerate eigensubspacepfthis means that) =V. Within
Haar measure at each 4D siteSinceD* is not Hermitian, the nullspace oh, the restriction vanishes and the symmetry

we again substituté1 —M y, and define the Hermitian op- underU=V rotations returns. In the limits—, h pos-
eratorh= y,D*. The result is sesses M; zero modes, which are just the chiral surface

modes for the zero-dimensional domain wall. The symmetry
realized among these modesUg4N;) X U (4N;).

Se(M)=N¢| >, SF[—M(X) y4(r +7,) To translate this back into the original fermionic coordi-

s nates we must note that we have redefiNed) through left
><M(x+,&)y r=v.)] multiplication by a factor ofy, so that the standard chiral

4 " U(N;) X U(Ny) transformation is
_EX: StrhM(X)—EX: StrlogM(x) |. Yo €N N )y, 3.5
(2.36 I I —i(BIN3+ o3\
UxsYa— Pxsya® oy A 75), (3.6
This is the effective action for all the meson-like degrees of

where then? are U(N;) flavor generators. This operation
doesnot leaveh invariant. The zero eigenvectors lof how-
ever, are eigenvectors af; (see Appendix A and thus the
lIl. CHIRAL SYMMETRY BREAKING PATTERN AND nullspace ofh is invariant under thisJ (N¢) X U(N¢) group.
GOLDSTONE BOSONS This is a subgroup of thg (4N;) X U(4N;) symmetry group

The largeN, limit allows us to evaluate the partition Of the nullspace, in fact, of its/(4Ny) subgroup defined by
function by finding saddle points of the effective actionsY=V- _
(2.22 and(2.36). We shall begin by setting=0, whereupon The groupU(4Ns) X U(4Ny) is the symmetry of fully
Wilson fermions reduce to naive fermions, and then we willdoubled, naive fermions. Evidently for=0 the domain wall
see how things change as the Wilson term is restored. Agaiformalism yields ordinary doubling.

we leave the inclusion of PV bosons to the end. These symmetry considerations guide us in choosing an
ansatz for the saddle point 8f¢. Let us consider the eigen-

state basis of the single-site Hamiltonian

freedom.

A. The r=0 case; no PV bosons

Forr=0 the effective actiori2.22) becomes hle)=¢€le). 3.7
B A We suppose that, at the saddle poikt(x) is translation-
Serr(M)=Ne XE;L w F[M(X)a#M(XJF'“)a#]_EX: trhM(x) invariant and diagonal in thie basis,

—g trlog M (x)|. (3. M(X)=N=> [e)M (e. (3.9
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The effective action(3.3) now reads
Se(M)=N V) [dF(M%)~logM.~eM.], (3.9

whered=4 is the number of dimensions. Using the formula
(2.14 for F, we differentiate with respect tM . to find the
roots

_e(d-1)*JeX(d—1)*+(2d—1)(d*+ €°)
a d2+ €2 '

=+

€

(3.10

In the subspace of zero modestpfwheree=0, this reduces
to

v2d—1
q

+

Mg ==

(3.11

We plot M= (e) in Fig. 2, and note thatV =| <1 for anye.
To maximize the action at the saddle point, we choose

M for e>0,
€ M~

€

M (3.12

for €<0.

This choice satisfies

M_.=—M.,. (3.13
The solution (3.10—(3.12 does not break any=V
symmetrie§see Eq(3.4)] within degenerate eigensubspaces
of h, but it does break th&) #V symmetries in the space of

zero modes according td(4N;) X U(4N¢)—U(4N¢). We

may use &J #V transformation to se¥,=M, without loss

of generality, and saVl=Mg1 within the space of zero
modes.
In order to display the Goldstone bosons, we alldx)

to fluctuate about the saddle poidt. We write

M3 (x) forxeven,
M(x)= (3.1

M3 f(x) forxodd,

PHYSICAL REVIEW D64 114504

and

S (x)=eH0, (3.19
We take the Goldstone field (x) to be nonzero only within
the zero modes oh, and thus it belongs to the algebra

U(4N;); it commutes withM. Inserting Egs.(3.14 and
(3.15 into the action(3.3), we expand to second order in
H(x) to obtair?

~ 1
Serl(M) = Ser(M) = 5[F (MGMG+F" (MG M{]

X > tr[H(X) —H(x+ )12 (3.16
X

This is a quadratic action representing massless Goldstone
bosons in the adjoint representationlf4N;).

If the field H is taken to represent fluctuationsatsidethe
U(4N;) subgroup, it acquires a mass of the ordenof 4,
indicating that these bosons are not Goldstone bosons. We
may sum up the results so far by stating that domain wall
fermions withr =0 possess the symmetry of naive fermions
and vyield Goldstone bosons according to the simplest
scheme of spontaneous symmetry breaking.

B. The r#0 case; no PV bosons

Turning on the Wilson term in the action will break the
U(4N;) X U(4N;) symmetry. In principle, we should redo
the above analysis and find a new saddle point of the com-
plete action. To simplify the calculation, however, we will
stay within the manifold of saddle points of the-0 action,
and determine the effective action that selects the point of
lowest energy in this manifold. The symmetry of this effec-
tive action will be the symmetry left unbroken by the
terms.

We begin again with the actiof2.22), this time keeping
r#0. After spin diagonalization3.2), the strong-coupling
effective action takes the forfief. Eq.(3.3)]

Se(M)=Ng| > trF{M(X)[1—(—1)% y IM(x+k)
k=1,2,3

X[1=(—1)%r pJ}+ > trF{M(x)
X[1+S3(X)r74]M(X+21)[1_53(X)r7’4]}

—2 trhM(x)—Z trlog M(x) (3.17

=S5 %AM)+ASe(M), (3.18

5The term linear irH that comes of expanding cancels against
the logarithmic term in Eq(3.3). In d=4 the coefficient in square
brackets in Eq(3.16 is equal to 31/192.
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wheresz(x)=(—1)*1"*2"*3, For the sake of simplicity we
shall approximatd=(\)=XA/4, which gives us

N .
ASe(M)= 51 2 [=r(=1)%tr y{M(x),M(x+k)}
k:)l(,2,3
+12tr M(x) M (x+K) %]

+ EX: {=rsg(X)try L M(x),M(x+4)]

—rztrM(x)y4M(x+3)y4}]. (3.19 F . | | ........ s IR freeeens SO i

We stay with the ansatM(x)=M as given by Egs. FIG. 3. The integralsy (dashed curveand) (dotted curvg and
(3.8—(3.12, translation-invariant and diagonal in the eigen-the combination7— 4 (solid curve, as functions ofu=m-—4.
basis ofh. We leave free the orientation &l within the

space of zero modes. The resulting effective action is . r2 .
AS.(M)=const- NqJE tr p,M. (3.23
X

I,2

ASer(M)=Ne- 2 tr My M vk—g tr M y,M v,

kX os Alternatively, one may remove the; from Eq. (3.23

. (320 by means of aU(4N¢)xU(4Ny) transformation with
U=p,, V=1. Then the new term in the action takes the

We collect in Appendix A some formulas connected withform trM. In any case, it is clear thahS.; breaks the

diagonalization oh (see[16]). We work in the limitas—0,  y(4N;)x U(4N;) symmetry toU(4N;). No chiral symme-

whereh becomes try is left.
P Another way to see the destruction of chiral symmetry is
. . :0
h= YaYsogt (M—4)y,. (3.21) lotreatASy as a perturbation on the symmetric actiely "
S As we have seen, the latter possesseBl{[# Goldstone

- bosons; the new term renders all these bosons massive.
In the limit L=Lsas—, the 4N, surface states df become These results show the same pattern as the symmetry
exact zero modes._ We dgnote thefor each flavor by' breaking in a theory of naive fermions due to a fermion mass
|070), where =+ is the sign of the energy before taking 1o The chiralu(4)x U(4) symmetry of massless naive

L—oo, ando is a spin label. We label states in the continuum . . —

spectum o aslex): ey sasihlec) ). wit e (ST S oken b e e o0 et

>m—4. It is straightforward to evaluate the traces in Eq.—, . . Y Y, ) P . . '
This is our central result: Domain wall fermions in strong

(3.20 in the basis|0~0o),|eo). Using the key formula ; ) . .
(A16), we find that the first term in Eq3.20 is independent ;:;L:ﬁ)hﬂg behave as naive, doubled fermions with a mass

of the _orientation oM in the zero modef0”a); the second The same symmetry-breaking pattern emerges from addi-
term yields tion of a Shamir mass terf5] to the domain-wall action.
;2 This couples the fields on the boundarges0,L5 according
ASe(M)=const- Neo > (070 y4sMy,/07 o) to the action
X
.. — [1+ys — [1=s
K O"|M|0770'>. (3.22 SS:_pmSE [wa5(T) ‘»[/x0+l//x0(T ‘r//xLS .

Only the second matrix element in E8.22 depends on the (3.29

orientation ofM in the zero modes. As we show in Appendix In the as—0 limit, this adds a termhg to the single-site
A, the coefficient matrix(07a|y,My,|07 ') takes the Hamiltonianh. Its matrix element between wave functions
form Jp3 in the indicated basis for the zero modes, whgre ¥(s) and /' (s) is
is plotted in Fig. 3. o -

Now we change basigl6] in the space of zero modes (glhg " y=(0) ' (L)+ ¢’ (0) (L), (3.2
from |0 o) to |0“Ro)=(1/y2)(|0 ) =|0 " o). The new
basis states are localized on either boundary and hence repRd it contributes a term to the effective action,
resent the true chiral modes. The change of basis corwerts
to p, (which is y, in the chiral basis for the Dirac matrides SS(M)=—N 2 trhaM (). (3.26
Hence the effective action is ef X S

114504-7
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Perturbing within thens=0 ground states, we write Again we setM(x)=M and allowM to rotate in the space
of zero modes oh. We evaluate the supertraces in E829
trhgM (x) =tr hM (3.27  inthe basis of fermion statd®~ o),|eo)r and boson states

|eko)g. We use Eq(A16) again in the evaluation of Eq.

. (3.29, but now Egs.(A28) and (A29) introduce new, non-
and allowM to rotate within the zero-mode sector as above. “

. e zero matrix elements. Dependence lh survives in both
As shown in[16], within the space of zero modes the opera-o(rz) terms in Eq.(3.29, which yield

tor hg takes the formrmg(m—4)p,, as found above for the
term induced at strong coupling.

3

N N N~ A N N
ASe(M)= 5122 Str( 2, 7KK = yaM 7,
C. PV bosons restored

Returning to the full effective actiof2.36), we can step Ne , - r
quickly through our analysis above of the pure fermionic =5 ; 2 (07a]y;M ;|07 o)
theory. We begin with the case=0. The site-site coupling

term in Sy is then symmetric under the graded unitary group e ~ 7
U(4N;Ls|4N;Ls) X U(4N;Ls|4NsLs). The h term breaks (07a]ysMy,|07 o)

this symmetry to a vector subgroup, except within the space

of the fermionic zero modes whereli{(4N;) X U (4N;) chi- X (07 ' |M|07c). (3.30

ral symmetry survives as before. The pseudofermion modes
are all massive and thus do not add any chiral symmetry tdVe evaluate the matrix elements in Appendix A to obtain the
Ser- We eliminate thew matrices from the action via spin final result
diagonalization, Eq(3.2).

We assume a saddle point at which the homogeneous
mean field commutes with,

r2

AS.(M)=const- N, 5

(J- 4y)§ trp;M. (3.30)

M(X)=M= >, le)M (€. (3.29  Only the coefficient has changed from E8.23. One might
€ have expected that the well-known cancellation between the
fermions and the Pauli-Villars bosons affects the low-energy

Just ash has two b|OCkS, one for the fermionic modes andSGCtOf, but this does not occur. Nonetheless, the heavy super-
one for the bosons, so dods,. Note that this diagonal Partners of the mesonic bound states must play an essential
supermatrix has no non-commutative elements that are notiole in canceling the infinite number of heavy modes, thus
zero. Since the mean field equations stemming from Eg@llowing the above truncation to a low-energy effective
(3.9 decouple the modes ¢f from each other, the solution theory.
for M is unchanged from Eq(3.10.° In particular, the

Pauli-Villars modes have no effect on the fermionic modes. IV. DISCUSSION
The chiral U(4Ns) XU(4N;) symmetry of the fermionic . )
zero modes is broken spontaneouslyU¢4Ny), bringing In this paper we have argued that, at strong coupling,

d- non-Abelian gauge theory with domain wall fermions exhib-
its explicit chiral symmetry breaking but with an enlarged
Restoring ther-dependent terms iy, we perturb the spectrum of pseudo—GoIdstone.modes charac.teristic. of the

saddle point. The-dependent terms in the effective action doubll_ng phenom_enon. We derlyed the effective action of

are[cf. Eq. (3.19] dqmam wall fermions at th_e Iea_dlng orc_ier_ of the strong cou-
pling and largeN, expansions in the limit that the lattice
spacing of the fifth dimension goes to zero and its extent to

about the appearance of l\lﬁ Goldstone bosons in the a
joint representation ofJ (4N;).

N , - infinity; therefore our conclusions apply also to overlap fer-
ASy(M)=5{ 3 [-r(-1Stry(Meo.Mx+])}) - et PRY P
=123 Our results also depend on perturbing to lowest order in

the Wilsonr parameter in the neighborhood of a stationary
point with maximal symmetry consistent with= 0. Another
- phase, with different symmetry, might be encountered at fi-
+§ {=rss(x) Stry[M(x),M(x+4)] nite r. We consider it unlikely that moving to a saddle point
with lower symmetry will restore any symmetry broken at
5 - this most symmetric saddle point. Thus it would be surpris-
=12 StM(X) y4M (X+4) y4} | . (329  ing if chiral symmetry is restored at the truet0 saddle
point. On the other hand, tHé(4N;) symmetry characteris-
tic of exact doubling could end up broken; likewise, correc-
SThere are two blocks iM_, but both are given by the formula tions of higher order in H? might break this symmetry. We
(3.10. do not know of another signal of doubling that could then be

+12 StV (x) ;M (x+]) %]
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sought in the meson spectrum.

Our analytic results provide evidence for a phase transi- Z:f DM(X)GXF{ Sy(M)—N¢>, StrlogM(x)
tion from a weak coupling phase with good chiral properties §
to a strong coupling phase where the desired chiral properties
are lost. This is based on the observation that to lowest order
in r there is an explicit breaking term identical in form to the
quark mass term introduced by Shamir. Thus the true Goldexpressed in terms of meson-like superfields. This is the in-
stone modes are lost. In the Monte Carlo simulations of doeluctible consequence of local 4D gauge invariance. The ef-
main wall fermions, a pattern of increasing violation of chi- fective theory contains all the mesonic bound states—
ral symmetry has been observed as the coupling is mad@N;Ls)? spin-flavors of quark-antiquark pairs, a like num-
stronger. The violations of chiral symmetry are suppressetier of pseudoquark-antipseudoquark pairs, and their super-
exponentially inLg and therefore increasing the coupling partners. The physically interesting limit idN4Ls— <, an
requires increasing.s and consequently the computational infinite number of “flavors.”
burden. Our calculation, however, has been done inLthe  Changing fromU(N;) to SU(N) will introduce baryon-
—o0 limit so we should not be seeing this problem. In this like superfjelds but these are most Iike_ly irrelevant to the onv
limit, domain wall fermions are equivalent to overlap fermi- €n€rgy chiral phase structure. With this caveat, the only dif-
ons. The locality of théeffective) 4D Dirac operator is only ~€rence between strong coupling and general coupling is that
guaranteed24] at moderate couplings and therefore the bad©W the 4D action3,(M), is no longer restricted to nearest-

chiral properties at strong coupling might be connected witrrIelghbor couplings, beco_mlng more and more non-local as
the fact the theory is no longer local we approach weak coupling. We expect this exact represen-

tation for U(N.) domain wall lattice QCD to be in the cor-
rect chiral phase at weak enough coupling. The central ques-

. . . Yion of this paper, whether the correct chiral symmetry
to consider tuning the latter to cancel the former. This ha attern persists at strong coupling, is a question concerning

been considered, n the c_ontext of f!nlig-effeqs, by the the role of the non-locality for &J(n|n) 4D supermatrix
authors of[ 25]. One is reminded of Wilson fermions, where o e in an external field at large Our present results give
the pions may be made massless by tuning the hopping pP@yme insight for the nearest-neighbor matrix model derived
rameter. Wilson fermions doot regain chiral symmetry by ;, strong coupling near=0. More general analysis of these

this procedure, except in the continuum limit; the masslessmatrix models can help to understand domain wall fermions
ness of the pion stems from the proximity of a phase whergn the confined phase.

parity and flavor symmetry are spontaneously brgkef. If

the analogy is exact., then tunimgg to. make the Goletone ACKNOWLEDGMENTS

bosons massless will not restore chiral symmetry in the lat- _ _
tice domain-wall theory. Neither would it restore locality to  We thank Michael Creutz, Maarten Golterman, and Yigal
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however, have argued that a chit&d{N¢) X U(N;) symmetry

remainsrigorously unbroken for sufficiently largénot nec- APPENDIX A

essarily infinit¢ values ofm. Thus there should be at least \e yse the following Dirac matrices for the Euclidean

Nf Goldstone bosons, including @(1) pseudoscalar. Our theory:

results, while in agreement with the earlier Hamiltonian

—N.>, StrhM(x) |, (4.2)

study[16], stand in contradiction with those §28] in the Yw=p20k, k=123 yi=p;
common region of applicability, namely, largeand m. We
can only conjecture some subtlety in taking the double limit Q= Ya4Yk=1p30k a,=1 (A1)
2
g5, m—oo,
Our strong coupling results rest on the analysis of a chiral V5= pP3 Tuv=1Y, 7y

U(4N;Ls|4N¢Ls) supermatrix model on a 4D lattice. An
external field is provided by the Hamiltonian in the fifth The single site fermion Hamiltonian is the same as that stud-
dimension. Such matrix models are very interesting but noied in[16],
toriously hard to analyze. This supermatrix model reformu-
lation of domain wall fermions is not peculiar to strong cou-

pling. At any coupling, after integrating out the gauge fields, h=vaysgg T mra (A2)
U(N;) Yang-Mills theory with domain wall fermions must
take the form of an effective theory, whereu=m—4. We impose the boundary conditions

114504-9
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1+ ys)u(L)=(1—y5)u(0)=0 A3 L

(1+ys)u(L)=(1-ys)u(0) (A3) J dsy(9)ga(s) (A15)
on the eigenfunctions df. We have taken a continuum limit 0
as—0, Lg—o, with L=asL5 held fixed.

Sincey4ys= —ip,, there is no spin dependencetirand goes to zero exponentially &s—. Using the explicit forms

thus its eigenfunctions take the form of the y matrices, we find
f(s)x 07q|y,|07 ¢'Y=(0"c|y,|ea’) =0, (A16)
u:(A ) (070]7,/07 0"y =(070 ylea”)
g(s)x

for u=1,...,4 ank=1,2,3. On the other hand,

wherey is any 2-spinor. The spectrum contains discrete sur-

face states with wave functions 210,,L(€) ifsgne=n

7 "\ =
. _ (07lyaleo”) [O otherwise L7

f=xAgsinhk(s—L)=="fy(s) (A5)

- . where

g=Agsinhks=gy(s), (AB)
where k satisfies the eigenvalue condition T(e)= JO ds fy(S)g.(s)=— \/%—szr 5 (A18)

k= tanhkL. (A7) K
Their energies are for largelL.
We use these matrix elements to calculate the coefficient
L, M matrix in the symmetry-breaking term in the effective action
€= =€~ = oshkl (A8)  (3.22. This matrix is

As L—oo, we havek— u and e;— 0. Taking spin into ac- . , ,
count, there are four zero-energy states for each flavor, whick0”o1¥aM 74[07 &') = ; (070 | ys|eT)M (€7] 74|07 o).
we denote by070), where == is the sign of the energy (A19)
before takingL—«, ando is a spin label.

There are also continuum modes, According to Eq.(A17), the matrix elements of,, are zero

unlessp=sgne and n' =sgne; moreover, there is no spin
structure iny, or in M. and soo= 7= ¢'. Thus the matrix is
diagonal, and we need calculate oR{§”7c|y4M y4/07c).
Using Eq.(A13), we have

f=+Asink(s—L)==*fs) (A9)

g=A.sinks=g.(s), (A10)

with the quantization condition .
(07 70| y4M y,/0” 70)

k= tankL (A11) .
] :<OWU|7’47’5M 7’57’4|0”C">
and energies
u =2, (070]yays|€c)M (€a]| 574/ 070)
=t N (A12) ¢

. . . =2 (070]y4|— €,0)M (— €,0] y4|0”
There is a gap to this pseudo-continuupal>u=m—4. Eg (070174l €. 0)M L~ €,0174/070)

When k>pu the solutions of Eqg.(All) approach (2
+1)7/2L. We label these statdgco). Note that we takek = (070 4| €, )M _ { €,5] 74| 07)
>0 and that there are two energiesgor each value ok. < a4 AN

The relation{ ys,h} =0 implies that

75|0710>:|0*n0-> and y5|ea')=|—e,a'). (A13) :26 <07]‘T|74|510'>(_Ms)<€:0'|74|07]‘7>1

Together with orthogonality of the eigenfunctions, this rela-

tion can also be used to prove by virtue of Eq.(3.13. Thus

0™ 70| vsM v4|0~ 7a) = —(07a| y,M 0"g),
defofEZJngong- (A14) ( |'yaM y4] ) ( |YaM 4 >(A20)

Moreover, the overlap integral and the matrix takes the forgips;. Explicitly,
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EFFECTIVE LAGRANGIAN FOR STRONGLY COUPLED. ..
T=(0" +|y,My,/0" +)

:fo dep(€)(0" +|yalet)M (e+]y4/0"+)

2w K2 6VKZ+ 2+ 8K+ u2+7
T Jo  (K2+ u?)? K2+ u2+16

(A21)

whend=4. Herep(€)=(L/7)(e/K) is the density of states.

Let us turn to the Pauli-Villars bosons. Their wave func-

tions satisfy Eq(A2) with antiperiodic boundary conditions,
u(L)=—u(0). (A22)
The spectrum contains only continuum modes,

f=+AdkS=+1(s) (A23)

g=A€dkS=g,(s), (A24)

where the momenta are quantizedkas= (2n+1)mx/L. The
energies of these modes are

e=+Jk*+ u?, (A25)

and therefore there is a gdp|>u=m—4. k runs from
— to 0, and there are two energiesfor each value ok.
The Pauli-Villars fields exhibit no zero mode.

PHYSICAL REVIEW B4 114504

Proceeding to the effective actigd.30), let us first evalu-
ate the matrix

(07a]y;M 7]|0”’0'>:Ek (070|yj| ekT)g
XM . g(ekT]| yj|O’7’0">.
(A30)

Using Egs.(3.13 and (A28) one can easily prove that the
matrix (A30) takes the form)p;. The coefficient is

Y=(0"+|y;My;|0* +)
o 1
:j, d€p(6)5k2+ (0" +]ylek+)g

XMEB<€k+|’yl|O++>

_2p [ K2—u? 6K+ u+8k2+u’+7
T Jo (K24 u?)? k2+ 2416 '
(A31)

It is very similar to7, and it is independent of the indgx
We can now evaluate the matrix

(070 yaM 4|07 o) = X, (070l em)e

We will need to know the overlap integrals between the

continuum Pauli-Villars modes and the fermion zero modes. XM (€| y4/0" ")
For largeL,
+> (07ko| y4l €7)g
Jo k) (A28 -
ds fo(S)gk(S)=— \/ 55— (u+i )
o | Ok 2L K24 2 XM, (k7| y,|07 o).
(A32)
JLd f e ik A27
098 (S)9o(8)= Zk2+,u2( pFIK). A27) " The first sum in Eq(A32) is the same as that in EGA19)

By using these integrals and the explicit form of thema-
trices we find

| moo 1
(070lyj|eka")g=i0),, \ 575 [ #(7—sgne)

+ik(7n+sgne)], (A28)

fpw 1
7 ! = ’ e — n—
<0 U| 74| eko >B 50’0’ 2L k2+ﬂ2[ﬂ/( n Sgne)

+ik(— n+sgne)]. (A29)

"We mark the bosonic continuum states wBhsubscripts and

and is equal tQJp3. Using Eqs(3.13 and(A29) we find that
the second sum equais)p;. Changing basis in the space of
zero modes as in Eq3.23 convertsp;— p;.

APPENDIX B

In this appendix we derive the basic identity for the gen-
erating function that allows the fermionic Grassmann inte-
grals to be replaced by integrals over a unitary matrix field
M(x) [see Eqs(2.17) and (2.19)]. In particular we present
the generalization of this well-known result to supermatrices
[26], which we require for the inclusion of the Pauli-Villars
fields[see Eqs(2.34) and(2.39].

In the absence of Pauli-Villars fields, we seek the “re-
placement” of the fermion bilinears with matriced (x)
€ U(4N¢Ls),

include k in the label because of thke— —k degeneracy; ar 1 Ne
subscript is added to fermion states where needed to avoid confu- aB gy aa ;ap
sion. M ss’(x) N, agl Uys ’ﬁxs") M(X). (B1)
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The essential identity allows the replacement of the generat- oo Jus
ing function J=

o (B9)
oy Jos

Z(J)=f dydyexp —NgtrIM)=(det)Ne  (B2)  in block form and replace ,;—zJ,; and J,;—z 13,5,
we can expand(J,z) in a Laurent series,

by theU(n) group integral @
132)= 2 cp2™, (B10)
m=—o

1(J)= exp—NrdM), (B3

1
[P
(detM)™ wherel (J)=I (J,z=1). There can be no dependencezén
up to a multiplicative constant, whettM is the Haar mea- ~ NeXt we factor the Haar measure fot_.J(.n|n)
sure forU(n) andn=4N;Ls. This identity was proven by =U(1)xU(n[n)/U(1) asdM=d¢ dM. The explicit pa-
Kawamoto and Smif10] and it follows immediately from a rametrization for thidJ(1) factor is
similar identity for the one-link integral given earlier by

Creutz[19]. e'#12A B
The generating function that arises in the theory with M= e e-ioi2p | (B11)
Pauli-Villars fields is
_ _ N where M=M(¢=0) is special unitary, Sdé1=1. Note
Z(J)=f dydyrde de exp( —NcStrJM) = (Sdet]) ™, that SdeM =e'"? SdetV =e'"?.

(B4) Introducing the source rotated undég(1),

where M is the supermatrix given in E42.26). The gener-

alization to supermatrices of EB3) is J=

zd?23 — J,7
24 2] ) ’ (BlZ)

— —1,—ipl27 —
JM, z e J¢></>

1 .
I(‘J):J dM exp(—N.StrIM),  (B5) the group integral becomes
(SdetM)Ne

exp(— N, StriM)

wheredM is the invariant Haar measure for the supergroup |(J,Z)=f dédM
U(n|n). The latter is the group that leaves invariant the norm

3z z+ X, 6] 6, in complex superspace, whefieare Grass- , .
mann variables angd are c-numbers. =f dgp e N"PF(J). (B13)

We choose definitions of the supertrace and superdetermi-

nant that differ from the conventional choice by -Str Str Moreover, invariance of the integradl\?l over SU(n|n)

and Sdet-1/Sdet in order to simplify the comparison be- —U JU(1) implies that the kerngt(3) is i . i
tween expressions before and after the including the Pauli- (p|n) (1) imp |e§t at the kerndt(J) is invariant un

Villars fields® To be explicit, we write der right and left rotations,

eiNCn<;S

A B F(3)=F(UJVT, (B14)
M={ D), (B6)
with U,V e SU(n|n). ThusF(J) must be a function of the
with the supervector index in the orderd,(6,---6,, invariants Sdel and Str(J")'. Holomorphy rules out the
2,2, -+ Zp), i.e., Grassmann variables first. Then trace terms Stdd")' because of their explicit dependence on
o z*. Then using Sdet=(z€?)" SdetJ, we see that the inte-
SrM=trA-trD, (B7) gral over¢ projects out a single term in the Laurent expan-
and sion, ¢, for m=N.n. Hence
—1y— Ng
o detA [(J,z=1)=c(Sdetd)"e, (B15)
SdetM=e>""M=— (B8) . . .
de{D—CA 1B) proving the identity.

In the remainder of this appendix we shall prove Egs.

The proof of our identity relies on the following observa- (2.13 and(2.31), which are of paramount importance in the
tions. Since the integral measure is compact and the intederivation of the effective action€.22 and (2.36. The
grand is free of singularities, the integtél) is holomorphic  proof of Eq.(2.13 was given in[10] and we shall briefly
in the components al. In particular, if we write sketch it here in order to extend it to the case of 931,

in which one has also to deal with the Pauli-Villars fields.
Using Eq.(2.9), we express the actiof2.13 as a sum over
8See EfetoV[26]. one-link integrals:
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Si(¢, ) =2, W(A(X),A(X))
X, i

=2, log| dUexpT{A,(x)U+U'A,(x)],
X, p
(B16)
whereA and A were defined in Eq92.10 and(2.11). The

one-link integral appearing in EqB16) was computed in the
largeN, limit in [21,22), with the result

_ 3
W(A,A) = Ng[ 7 ¢t 2NC§ (c+x,) 12

2N§a§@ og[ (C+Xg) Y2+ (c+xp) 1]

(B17)
Herex, are the eigenvalues @A/N? andc is defined im-
plicitly by

1
_ ~1/2
=3 Ea', (C+xy) M2 (B19)

By expanding inx,, Egs.(B17) and(B18) can be rewritten
as a series in

— k
g (xa)k=Tr( %) . (B19)

C

PHYSICAL REVIEW B4 114504

By rearranging the fermion fields iA and A we obtain

AA| k
F =—1r , (BZO)

C

- 1
r —Z)\(x)

where\(x) is defined in Eq(2.12. Thus for any function
that admits a series expansion we can write

1 1 1
N é f(x,)="f(0)— N—ctrH — Z") —f(O)},
(B21)

and using Egs(B17)—(B21) we obtain Eq.(2.13.

By the same method we can prove E2.31) in the pres-
ence of the Pauli-Villars fields. The proof relies on the fact
that Eqs.(B17)—(B21) still hold but the trace tr should be

replaced by the supertrace Str. Moreoyeand A are now
defined by Eqgs(2.29 and(2.30, and M by Eq.(2.26). One
can easily verify that in the presence of Pauli-Villars fields
one has, instead of E¢B20),

ARV 1
Tr F =-S5t _Z)\(X)

C

k
(B22)

Equation(B22) allows the expansion of E¢B17) in powers

of x, in the supermatrix case as well. One can thus prove that
the action can be completely expressed in terma @fs in

Eq. (2.31), where now\ is a bilinear function of the super-
matrix M given in Eq.(2.26.
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