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Effective Lagrangian for strongly coupled domain wall fermions
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We derive the effective Lagrangian for mesons in lattice gauge theory with domain-wall fermions in the
strong-coupling and large-Nc limits. We use the formalism of supergroups to deal with the Pauli-Villars fields,
needed to regulate the contributions of the heavy fermions. We consider the spectrum of pseudo-Goldstone
bosons and show that domain wall fermions are doubled and massive in this regime. Since we take the extent
and lattice spacing of the fifth dimension to infinity and zero, respectively, our conclusions apply also to
overlap fermions.
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I. INTRODUCTION

From its inception, lattice gauge theory was hampered
the absence of an adequate fermion formulation. It w
thought for many years that there is no discretization sche
that displays explicit chiral symmetry without either sacrifi
ing locality or introducing non-physical doublers in the fe
mion spectrum. This state of affairs was summarized in
famous no-go theorem of Nielsen and Ninomiya@1#. Recent
years have seen major progress in the construction of la
regularizations of fermions with good chiral properties@2#.
Domain wall@3# and overlap@4# formulations preserve chira
symmetry exactly, allowing the construction of vector gau
theories on the lattice. An idea common to these scheme
that of employing a large number of fermion flavors, one
which survives in the continuum limit as a massless ferm
supporting exact chiral symmetry.

In the domain wall formulation, the expanded flavor spa
may be seen as an extra dimension with a defect in a b
ground field. One chirality of the Dirac spinor is expone
tially localized along the defect. If the extra dimension
periodic and of finite extentL5, the other chirality will be
localized along an unavoidable second defect, while all
other Dirac fermions,L521 in number, stay heavy. This i
also the scheme in Shamir’s surface-fermion variant@5,6#,
which we study in this paper; here the chiral modes are
calized on the surfaces of a five-dimensional slab. In eit
case, the limitL5→` requires that the contribution of th
heavy flavors be subtracted@4,6–8# by introducingL5 fla-
vors of pseudofermion fields, often called Pauli-Villars~PV!
fields. These are bosons that have the same index structu
the fermions.

Domain wall fermions are equivalent to overlap fermio
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@4# in the limit that the size and lattice spacing of the fif
dimension are taken to infinity and zero, respectively@7,9#.
The bulk degrees of freedom remain massive. They deco
as the four-dimensional lattice is removed, leaving a fo
dimensional Dirac operator describing the chiral surfa
modes.

In this paper we study domain wall fermions in the lim
of strong gauge coupling. We adapt the classic method
Kawamoto and Smit@10# to derive an effective action fo
mesonic degrees of freedom.1 A novel ingredient of the do-
main wall formalism is the PV bosons. We combine the f
mions and pseudofermions into a supervector, and simil
group the effective degrees of freedom into a supermat
Then the formalism of supergroups allows us easily to
tend the treatment of the fermions to an analysis of the co
plete theory. The effective action contains all the mesonl
states that can be constructed from pairs of fermions, fr
pairs of bosons, and from boson-fermion pairs.

The interesting question is, does this theory really beh
as one would expect of a theory of exactly chiral quarks?
address this, we take the number of colorsNc to infinity and
look for saddle points of the effective action. Followin
Kawamoto and Smit, we begin by setting the Wilson para
eter r to zero and classifying the symmetries of the theo
we display explicitly the Goldstone bosons that are the fl
tuations around the saddle point. The spectrum of Goldst
bosons is characteristic of a theory with complete ferm
doubling, which is not surprising since it is the term propo
tional tor in the fermion action that breaks naive doubling
the first place. When we proceed, however, to perturb
saddle point with ther terms, we find that the doubling pe
sists and that the only effect of the perturbation is identica
that of adding a mass term~in the manner of Shamir@5,6#! to
the domain wall action. We conclude that in the strong co
pling limit, domain wall fermions are doubled and massiv
with all that that implies for the mesonic spectrum.

d
, 1See also@11#. This method has been elaborated upon and app
many times. See for instance@12–15#.
©2001 The American Physical Society04-1
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We thus confirm the conclusion reached by two of us@16#
through study of the Hamiltonian of domain wall fermions
strong coupling. Unfortunately, our analysis here is more
volved and perhaps less conclusive. Study of the Ham
tonian via Rayleigh-Schro¨dinger perturbation theory is
straightforward and leads unambiguously to an effect
Hamiltonian for mesonic degrees of freedom. The symm
tries of this effective theory are readily apparent. In the E
clidean formulation some additional approximation is nec
sary, such as a hopping parameter expansion, mean
theory, or the large-Nc limit.2 Even at largeNc , one might
argue that there exists another saddle point with differ
symmetry properties. Nonetheless, the Euclidean st
complements the Hamiltonian results in that it does not
quire a time-continuum limit and thus does not introduce
new question regarding the order of limits.3

In Sec. II we derive the strong-coupling effective actio
For pedagogic reasons, we begin by ignoring the PV bos
Following Kawamoto and Smit@10#, we integrate out the
gauge field in this limit and rewrite the resulting path integ
in terms of a bosonic matrix field. That this path integ
generates the same Green functions as the original G
mann integral is due to an equality between generating fu
tions that was proven in@10# ~following @19#!. This path
integral contains the effective action. While its derivati
does not depend on a large-Nc limit, we give its explicit form
for this case only. In the last part of Sec. II we repeat
derivation with the bosons included. This requires a gen
alization to supermatrices of the identity relating generat
functions, which we prove in Appendix B.

Since the chiral symmetry of the domain wall actio
arises dynamically, it is difficult to analyze the symmetry
the effective action directly. The symmetry analysis can
be divorced from the dynamics. Section III is devoted
deriving the symmetry breaking pattern of the theory and
spectrum of Goldstone bosons. We can only make ana
progress in theNc→` limit. Here the task at hand is to fin
saddle points of the effective action. Again we start with
analysis of the theory without the PV bosons. We begin
settingr to zero which makes finding a saddle point straig
forward. In this limit the symmetry of the effective action
apparent; upon introducing an ansatz for the saddle poin
display the pattern of spontaneous symmetry breaking
the concomitant Goldstone bosons. Then we turn on the W
son term in the action and we compute its effect on
saddle point. It turns out that the degeneracy of ther 50
saddle point is broken by ther term, but only in the way tha
a mass term breaks it, that is, by breaking chiral symme
while leaving the doubling. We show explicitly that inclusio
of the Shamir mass term does the same.

2In the Hamiltonian formalism, a strong coupling expansion co
bined with a large-Nc expansion has been used in@17,18#.

3It is curious but true that one may consistently ignore the
bosons in the Hamiltonian calculation to lowest order in 1/g2 @16#,
but not in the Euclidean calculation. To our knowledge, there is
established correspondence between the perturbation series
two formalisms.
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The extension of the calculation to include the PV boso
is straightforward. The saddle point in the enlarged fie
space is the obvious extension of the saddle point fo
above. Perturbing the saddle point with the Wilson term
the bosonic fields gives a mass matrix for the pseu
Goldstone bosons that is identical in form to that due to
massive fermions.

We conclude with some discussion and comparison
other work.

II. THE EFFECTIVE ACTION AT STRONG COUPLING
AND LARGE Nc

A. Without Pauli-Villars bosons

We define domain wall fermions on a five-dimension
hypercubic lattice. The fifth dimension has finite extentL5;
for generality we assign a lattice spacinga to the four dimen-
sions of Euclidean space-time and a separate lattice spa
a5 to the fifth dimension. We shall denote byx
5(x1 ,x2 ,x3 ,x4) a coordinate vector in the four dimension
space, with Greek indicesm,n, . . . ; thefifth coordinate iss.
The fermion fieldcxs

aa is a Grassmann field carrying colo
index a51, . . . ,Nc and Dirac-flavor indexa51, . . . ,4Nf .
The gauge fieldUxm is anSU(Nc) matrix field that resides
on the four-dimensional links only and is independent ofs.

The action is a sum of pure-gauge and Dirac actions:

S~U,c̄,c!5SU~U !1SF~ c̄,c,U !. ~2.1!

The gauge action is as usual a sum over plaquettes:

SU5
2Nc

g2 (
P

S 12
1

Nc
Re TrUPD . ~2.2!

We write the fermion action as

SF5S41S51Sm , ~2.3!

with4

S45(
xsm

F c̄xs
aaS r 1gm

2 D
ab

Uxm
abcx1m̂,s

bb

1c̄x1m̂,s
aa S r 2gm

2 D
ab

Uxm
†abcxs

bbG , ~2.4!

S55r(
x

(
s51

L521 F c̄xs
aaS 11g5

2 D
ab

cx,s11
ab

1c̄x,s11
aa S 12g5

2 D
ab

cxs
abG , ~2.5!-

o
the

4Our Dirac matricesgm are Hermitian and satisfy$gm ,gn%
52dmn . We defineam5g4gm so thata451 anda1,2,3 are anti-
Hermitian.g5 is Hermitian.~See Appendix A.!
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Sm5~m242r!(
xs

c̄xs
aacxs

aa , ~2.6!

andr5a/a5. Only S4 contains the gauge field.
In the strong-coupling limit we dropSU . The effective

action will then be written in terms of the meson field:

M ss8
ab

~x!5
1

Nc
(
a51

Nc

cxs
aac̄xs8

ab . ~2.7!

This is a color singlet, local inx but nonlocal ins, and hence
we write it as a (4NfL5)3(4NfL5) matrix. ~This is in line
with the view thats represents an internal flavor index. Eve
tually we will isolate the projection ofM onto the subspace
spanned by the chiral surface modes.!

In the strong-coupling limit the partition function is give
by

Z5E Dc̄ Dc DU expSF~ c̄,c,U !. ~2.8!

The integration over the gauge field can be performed im
diately by noting that it is simply a product of decoupled lin
integrals,

eS1(c̄,c)[E DU expS4~ c̄,c,U !

5)
xm

E dU exp Tr@Ām~x!U1U†Am~x!#, ~2.9!

where we have defined

Ām
ba~x!5(

s
c̄xs

aaS r 1gm

2 D
ab

cx1m̂,s
bb , ~2.10!

Am
ba~x!5(

s
c̄x1m̂,s

aa S r 2gm

2 D
ab

cxs
bb . ~2.11!

The integral in Eq.~2.9! can be carried out explicitly for any
value ofNc @20#, and the result expressed in terms ofM(x).
We are interested in the limitNc→` @21,22#. Defining

lm~x!524M~x!
r 1gm

2
M~x1m̂ !

r 2gm

2
, ~2.12!

the result is

S1~M!5Nc(
xm

tr F„lm~x!…, ~2.13!

where

F~l!512A12l1 logF1

2
~11A12l!G . ~2.14!

The trace~‘‘tr’’ ! in Eq. ~2.13! denotes a trace over Dirac
flavor ands indices, not to be confused with the color tra
~‘‘Tr’’ ! appearing in Eq.~2.2!. We plot F(l) in Fig. 1, and
11450
e-

note that one may use a straight lineF(l).l/4 as a first
approximation.

The remainder ofSF couples fields along the fifth axis fo
fixed x. We can rewrite this in terms ofM as well, viz.,

S'[S51SM52Nc(
x

tr D'M~x!, ~2.15!

where we denote byD' the fifth-dimension Wilson-Dirac
operator,

Dss8
'

5rF S 11g5

2 D ds,s8211S 12g5

2 D ds,s811G
1~m242r!ds,s8 , ~2.16!

with implicit limits on s ands8 as indicated in Eq.~2.5!. The
complete partition function is then

Z~J!5E Dc̄ Dc exp@S1~M!1S'~M!1SJ~J,M!#,

~2.17!

where we have added an external current coupled to mes
bilinears according to

SJ5(
xss8

c̄xs
aaJss8

ab
~x!cxs8

ab
52Nc(

x
tr J~x!M~x!

~2.18!

so that functional differentiation with respect toJ generates
Green functions of the fermion bilinear fieldM(x).

As shown in@10#, the same Green functions are genera
by the purely bosonic partition function

Z~J!5E DM ~x!expF2Nc(
x

tr logM ~x!G
3exp@S1~M !1S'~M !1SJ~J,M !#. ~2.19!

Here M (x)PU(4NfL5) is a bosonic, unitary matrix field
andDM (x) indicates the invariant Haar measure at each

FIG. 1. The functionF(l). The dotted line isF5l/4.
4-3
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sitex. ~We derive this result in Appendix B, and generalize
to include Pauli-Villars fields.! Collecting everything, we
have

Z~J!5E DM ~x! eSeff(M ), ~2.20!

with

Seff~M !5NcF(
x,m

tr F@2M ~x!~r 1gm!M ~x1m̂ !~r 2gm!#

2(
x

tr D'M ~x!2(
x

tr logM ~x!

2(
x

tr J~x!M ~x!G . ~2.21!

We setJ50 henceforth.
The fifth-dimension Wilson-Dirac operatorD' is not Her-

mitian. It will be convenient to work with the Hermitian
operatorh[g4D', so we substituteM→Mg4, giving

Seff~M !5NcF(
x,m

tr F@2M ~x!g4~r 1gm!

3M ~x1m̂ !g4~r 2gm!#2(
x

tr hM~x!

2(
x

tr logM ~x!G . ~2.22!

The measure and tr logM are unchanged sinceg4 is a special
unitary matrix. h is precisely the single-site Hamiltonia
studied~in the a5→0 limit! in @16#. We review its spectrum
and eigenfunctions in Appendix A.

B. Addition of Pauli-Villars bosons

We have so far neglected the Pauli-Villars fields. Intr
duction of supermatrix notation will enable us easily to e
tend our calculation to include their effects in the effecti
action.

Following Vranas@8#, we introduce scalar fieldsfxs
aa and

their conjugates, with the same indices as the fermions. T
action SPV(f̄,f) is identical in form to the fermion action
SF @see Eqs.~2.3!–~2.6!#. The only difference is the imposi
tion of antiperiodic boundary conditions instead of the fr
surfaces ats51 ands5L5, which we write as a modification
of S5,

S5→r(
x

(
s51

L5 F f̄xs
aaS 11g5

2 D
ab

fx,s11
ab

1f̄x,s11
aa S 12g5

2 D
ab

fxs
abG , ~2.23!
11450
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where

fx,L511
aa 52fx1

aa . ~2.24!

We groupc andf into a superfield,

Cxs
aa5S cxs

aa

fxs
aaD . ~2.25!

The generalized meson field is a supermatrix contain
Grassmann elements as well as ordinary numbers,

M ss8
ab

~x!5
1

Nc
(
a51

Nc

Cxs
aaC̄xs8

ab

5
1

Nc
(
a51

Nc S cxs
aac̄xs8

ab cxs
aaf̄xs8

ab

fxs
aac̄xs8

ab fxs
aaf̄xs8

ab D . ~2.26!

It is a (4Nf2L5)3(4Nf2L5) matrix that contains the old
meson matrix~2.7! in the upper left-hand corner.

In the strong coupling limit the partition function is now

Z5E Dc̄ Dc Df̄ Df DU

3exp@SF~ c̄,c,U !1SPV~f̄,f,U !#. ~2.27!

We integrate out the gauge fields as we did in Eq.~2.9!,

eS1(c̄,c,f̄,f)[E DU exp@S4~ c̄,c,U !1S4~f̄,f,U !#

5)
xm

E dU exp Tr@Ām~x!U1U†Am~x!#,

~2.28!

where we have defined, in analogy with Eqs.~2.10! and
~2.11!,

Ām
ba~x!5(

s
C̄xs

aaS r 1gm

2 D
ab

Cx1m̂,s
bb , ~2.29!

Am
ba~x!5(

s
C̄x1m̂,s

aa S r 2gm

2 D
ab

Cxs
bb . ~2.30!

Performing the integral~2.28! in the limit Nc→` we obtain
@cf. Eq. ~2.13!#

S1~M!5Nc(
xm

StrF„lm~x!…, ~2.31!

where Str denotes the supertrace~see Appendix B!. F andl
are the same as before, withl defined in terms of the new
supermatrix fieldM. The equivalent of Eq.~2.15! is

S'52Nc(
x

StrD'M~x!, ~2.32!

where the newD' is defined by
4-4
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D'5S DF
' 0

0 DPV
' D . ~2.33!

Here DF
' is the fermionic fifth-dimension Wilson-Dirac op

erator given in Eq.~2.16!; the Wilson-Dirac operatorDPV
' for

the bosons is derived from Eq.~2.23! and differs fromDF
'

only on the boundaries. Thus we arrive again at Eq.~2.17!,

Z5E DC̄ DC exp@S1~M!1S'~M!#, ~2.34!

mutatis mutandis.
We show in Appendix B that the integral over the sup

field C can be replaced by an integral over a superma
field M,

Z5E DM ~x!expF2Nc(
x

Str logM ~x!G
3exp@S1~M !1S'~M !#. ~2.35!

In this equationM (x) is an element of the supergrou
U(4NfL5u4NfL5) andDM (x) is the corresponding invarian
Haar measure at each 4D sitex. SinceD' is not Hermitian,
we again substituteM→Mg4 and define the Hermitian op
eratorh5g4D'. The result is

Seff~M !5NcF(
x,m

StrF@2M ~x!g4~r 1gm!

3M ~x1m̂ !g4~r 2gm!#

2(
x

StrhM~x!2(
x

Str logM ~x!G .
~2.36!

This is the effective action for all the meson-like degrees
freedom.

III. CHIRAL SYMMETRY BREAKING PATTERN AND
GOLDSTONE BOSONS

The large-Nc limit allows us to evaluate the partitio
function by finding saddle points of the effective actio
~2.22! and~2.36!. We shall begin by settingr 50, whereupon
Wilson fermions reduce to naive fermions, and then we w
see how things change as the Wilson term is restored. Ag
we leave the inclusion of PV bosons to the end.

A. The rÄ0 case; no PV bosons

For r 50 the effective action~2.22! becomes

Seff~M !5NcF(
x,m

tr F@M ~x!amM ~x1m̂ !am#2(
x

tr hM~x!

2(
x

tr logM ~x!G . ~3.1!
11450
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We can eliminate thea matrices by performing the following
unitary transformation~spin diagonalization@17,23#!:

M ~x!→~a1!x1~a2!x2~a3!x3M ~x!~a3!x3~a2!x2~a1!x1.
~3.2!

We obtain the simplified expression

Seff~M !5NcF(
x,m

tr F@M ~x!M ~x1m̂ !#2(
x

tr hM~x!

2(
x

tr logM ~x!G . ~3.3!

If we seth50, the theory described by the effective a
tion ~3.3! is invariant under the transformation

M ~x!→H UM ~x!V† for x even,

VM~x!U† for x odd,
~3.4!

whereU,VPU(4NfL5). This is a global left-right symmetry
typical of non-linear sigma models. Inclusion ofh restricts
the transformation by the conditionUh5hV. Within a de-
generate eigensubspace ofh, this means thatU5V. Within
the nullspace ofh, the restriction vanishes and the symme
under UÞV rotations returns. In the limitL5→`, h pos-
sesses 4Nf zero modes, which are just the chiral surfa
modes for the zero-dimensional domain wall. The symme
realized among these modes isU(4Nf)3U(4Nf).

To translate this back into the original fermionic coord
nates we must note that we have redefinedM (x) through left
multiplication by a factor ofg4 so that the standard chira
U(Nf)3U(Nf) transformation is

cxs→ei (uV
ala1uA

alag5)cxs , ~3.5!

c̄xsg4→c̄xsg4e2 i (uV
ala1uA

alag5), ~3.6!

where thela are U(Nf) flavor generators. This operatio
doesnot leaveh invariant. The zero eigenvectors ofh, how-
ever, are eigenvectors ofg5 ~see Appendix A! and thus the
nullspace ofh is invariant under thisU(Nf)3U(Nf) group.
This is a subgroup of theU(4Nf)3U(4Nf) symmetry group
of the nullspace, in fact, of itsU(4Nf) subgroup defined by
U5V.

The groupU(4Nf)3U(4Nf) is the symmetry of fully
doubled, naive fermions. Evidently forr 50 the domain wall
formalism yields ordinary doubling.

These symmetry considerations guide us in choosing
ansatz for the saddle point ofSeff . Let us consider the eigen
state basis of the single-site Hamiltonianh,

hue&5eue&. ~3.7!

We suppose that, at the saddle point,M (x) is translation-
invariant and diagonal in theh basis,

M ~x!5M̂5(
e

ue&M e^eu. ~3.8!
4-5
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The effective action~3.3! now reads

Seff~M !5NcV(
e

@dF~M e
2!2 logM e2eM e#, ~3.9!

whered54 is the number of dimensions. Using the formu
~2.14! for F, we differentiate with respect toM e to find the
roots

M e
65

e~d21!6Ae2~d21!21~2d21!~d21e2!

d21e2
.

~3.10!

In the subspace of zero modes ofh, wheree50, this reduces
to

M0
656

A2d21

d
. ~3.11!

We plot M 6(e) in Fig. 2, and note thatuM 6u,1 for anye.
To maximize the action at the saddle point, we choose

M e5H M e
1 for e.0,

M e
2 for e,0.

~3.12!

This choice satisfies

M 2e52M e . ~3.13!

The solution ~3.10!–~3.12! does not break anyU5V
symmetries@see Eq.~3.4!# within degenerate eigensubspac
of h, but it does break theUÞV symmetries in the space o
zero modes according toU(4Nf)3U(4Nf)→U(4Nf). We
may use aUÞV transformation to setM05M0

1 without loss

of generality, and soM̂5M01 within the space of zero
modes.

In order to display the Goldstone bosons, we allowM (x)
to fluctuate about the saddle pointM̂ . We write

M ~x!5H M̂S~x! for x even,

M̂S†~x! for x odd,
~3.14!

FIG. 2. The mean field solutionsM e
1 ~upper curve! and M e

2

~lower curve!.
11450
and

S~x!5eiH (x). ~3.15!

We take the Goldstone fieldH(x) to be nonzero only within
the zero modes ofh, and thus it belongs to the algebr
U(4Nf); it commutes withM̂ . Inserting Eqs.~3.14! and
~3.15! into the action~3.3!, we expand to second order i
H(x) to obtain5

Seff~M !.Seff~M̂ !2
1

2
@F8~M0

2!M0
21F9~M0

2!M0
4#

3(
xm

tr @H~x!2H~x1m̂ !#2. ~3.16!

This is a quadratic action representing massless Golds
bosons in the adjoint representation ofU(4Nf).

If the field H is taken to represent fluctuationsoutsidethe
U(4Nf) subgroup, it acquires a mass of the order ofm24,
indicating that these bosons are not Goldstone bosons.
may sum up the results so far by stating that domain w
fermions withr 50 possess the symmetry of naive fermio
and yield Goldstone bosons according to the simp
scheme of spontaneous symmetry breaking.

B. The rÅ0 case; no PV bosons

Turning on the Wilson term in the action will break th
U(4Nf)3U(4Nf) symmetry. In principle, we should red
the above analysis and find a new saddle point of the c
plete action. To simplify the calculation, however, we w
stay within the manifold of saddle points of ther 50 action,
and determine the effective action that selects the poin
lowest energy in this manifold. The symmetry of this effe
tive action will be the symmetry left unbroken by ther
terms.

We begin again with the action~2.22!, this time keeping
rÞ0. After spin diagonalization~3.2!, the strong-coupling
effective action takes the form@cf. Eq. ~3.3!#

Seff~M !5NcF (
x

k51,2,3

tr F$M ~x!@12~21!xkrgk#M ~x1 k̂!

3@12~21!xkrgk#%1(
x

tr F$M ~x!

3@11s3~x!rg4#M ~x14̂!@12s3~x!rg4#%

2(
x

tr hM~x!2(
x

tr logM ~x!G ~3.17!

5Seff
r 50~M !1DSeff~M !, ~3.18!

5The term linear inH that comes of expandingF cancels against
the logarithmic term in Eq.~3.3!. In d54 the coefficient in square
brackets in Eq.~3.16! is equal to 31/192.
4-6
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wheres3(x)[(21)x11x21x3. For the sake of simplicity we
shall approximateF(l).l/4, which gives us

DSeff~M !5
Nc

4 H (
x

k51,2,3

@2r ~21!xk tr gk$M ~x!,M ~x1 k̂!%

1r 2 tr M ~x!gkM ~x1 k̂!gk#

1(
x

$2rs3~x!trg4@M ~x!,M ~x14̂!#

2r 2 tr M ~x!g4M ~x14̂!g4%J . ~3.19!

We stay with the ansatzM (x)5M̂ as given by Eqs.
~3.8!–~3.12!, translation-invariant and diagonal in the eige
basis ofh. We leave free the orientation ofM̂ within the
space of zero modes. The resulting effective action is

DSeff~M̂ !5Nc

r 2

4 F (
x

k51,2,3

tr M̂gkM̂gk2(
x

tr M̂g4M̂g4G .

~3.20!

We collect in Appendix A some formulas connected w
diagonalization ofh ~see@16#!. We work in the limita5→0,
whereh becomes

h5g4g5

]

]s
1~m24!g4 . ~3.21!

In the limit L[L5a5→`, the 4Nf surface states ofh become
exact zero modes. We denote them~for each flavor! by
u0hs&, whereh56 is the sign of the energy before takin
L→`, ands is a spin label. We label states in the continuu
spectrum ofh as ues&; they satisfyhues&5eues&, with ueu
.m24. It is straightforward to evaluate the traces in E
~3.20! in the basis u06s&,ues&. Using the key formula
~A16!, we find that the first term in Eq.~3.20! is independent
of the orientation ofM̂ in the zero modesu0hs&; the second
term yields

DSeff~M̂ !5const2Nc

r 2

2 (
x

^0hsug4M̂g4u0h8s8&

3^0h8s8uM̂ u0hs&. ~3.22!

Only the second matrix element in Eq.~3.22! depends on the
orientation ofM̂ in the zero modes. As we show in Append
A, the coefficient matrix^0hsug4M̂g4u0h8s8& takes the
form Jr3 in the indicated basis for the zero modes, whereJ
is plotted in Fig. 3.

Now we change basis@16# in the space of zero mode
from u06s& to u0L,Rs&[(1/A2)(u01s&6u02s&). The new
basis states are localized on either boundary and hence
resent the true chiral modes. The change of basis converr3
to r1 ~which isg4 in the chiral basis for the Dirac matrices!.
Hence the effective action is
11450
-

.

ep-

DSeff~M̂ !5const2Nc

r 2

2
J(

x
tr r1M̂ . ~3.23!

Alternatively, one may remove ther1 from Eq. ~3.23!
by means of a U(4Nf)3U(4Nf) transformation with
U5r1 , V51. Then the new term in the action takes t
form tr M̂ . In any case, it is clear thatDSeff breaks the
U(4Nf)3U(4Nf) symmetry toU(4Nf). No chiral symme-
try is left.

Another way to see the destruction of chiral symmetry
to treatDSeff as a perturbation on the symmetric actionSeff

r 50 .
As we have seen, the latter possesses (4Nf)

2 Goldstone
bosons; the new term renders all these bosons massive.

These results show the same pattern as the symm
breaking in a theory of naive fermions due to a fermion m
term. The chiralU(4)3U(4) symmetry of massless naiv
fermions is broken by a mass termmf c̄c to U(4). Thelatter
is a vector symmetry, and one expects no Goldstone bos
This is our central result: Domain wall fermions in stron
coupling behave as naive, doubled fermions with a m
term.

The same symmetry-breaking pattern emerges from a
tion of a Shamir mass term@5# to the domain-wall action.
This couples the fields on the boundariess50,L5 according
to the action

SS52rmS(
x

F c̄xL5S 11g5

2 Dcx01c̄x0S 12g5

2 DcxL5G .
~3.24!

In the a5→0 limit, this adds a termhS to the single-site
Hamiltonianh. Its matrix element between wave function
c(s) andc8(s) is

^cuhSuc8&5c̄~0!c8~L !1c̄8~0!c~L !, ~3.25!

and it contributes a term to the effective action,

Seff
S ~M !52Nc(

x
tr hSM ~x!. ~3.26!

FIG. 3. The integralsJ ~dashed curve! andY ~dotted curve!, and
the combinationJ24Y ~solid curve!, as functions ofm5m24.
4-7
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Perturbing within themS50 ground states, we write

tr hSM ~x!5tr hSM̂ ~3.27!

and allowM̂ to rotate within the zero-mode sector as abo
As shown in@16#, within the space of zero modes the ope
tor hS takes the formmS(m24)r1, as found above for the
term induced at strong coupling.

C. PV bosons restored

Returning to the full effective action~2.36!, we can step
quickly through our analysis above of the pure fermion
theory. We begin with the caser 50. The site-site coupling
term inSeff is then symmetric under the graded unitary gro
U(4NfL5u4NfL5)3U(4NfL5u4NfL5). The h term breaks
this symmetry to a vector subgroup, except within the sp
of the fermionic zero modes where aU(4Nf)3U(4Nf) chi-
ral symmetry survives as before. The pseudofermion mo
are all massive and thus do not add any chiral symmetr
Seff . We eliminate thea matrices from the action via spi
diagonalization, Eq.~3.2!.

We assume a saddle point at which the homogene
mean field commutes withh,

M ~x!5M̂5(
e

ue&M e^eu. ~3.28!

Just ash has two blocks, one for the fermionic modes a
one for the bosons, so doesM e . Note that this diagona
supermatrix has no non-commutative elements that are
zero. Since the mean field equations stemming from
~3.9! decouple the modes ofh from each other, the solution
for M e is unchanged from Eq.~3.10!.6 In particular, the
Pauli-Villars modes have no effect on the fermionic mod
The chiral U(4Nf)3U(4Nf) symmetry of the fermionic
zero modes is broken spontaneously toU(4Nf), bringing
about the appearance of 16Nf

2 Goldstone bosons in the ad
joint representation ofU(4Nf).

Restoring ther-dependent terms inSeff , we perturb the
saddle point. Ther-dependent terms in the effective actio
are @cf. Eq. ~3.19!#

DSeff~M !5
Nc

4 H (
x

j 51,2,3

@2r ~21!xj Strg j$M ~x!,M ~x1 ̂ !%

1r 2 StrM ~x!g jM ~x1 ̂ !g j #

1(
x

$2rs3~x! Strg4@M ~x!,M ~x14̂!#

2r 2 StrM ~x!g4M ~x14̂!g4%J . ~3.29!

6There are two blocks inM e , but both are given by the formula
~3.10!.
11450
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Again we setM (x)5M̂ and allowM̂ to rotate in the space
of zero modes ofh. We evaluate the supertraces in Eq.~3.29!
in the basis of fermion statesu06s&,ues&F and boson states
ueks&B . We use Eq.~A16! again in the evaluation of Eq
~3.29!, but now Eqs.~A28! and ~A29! introduce new, non-
zero matrix elements. Dependence onM̂ survives in both
O(r 2) terms in Eq.~3.29!, which yield

DSeff~M̂ !5
Nc

2
r 2(

x
StrS (

j 51

3

g j M̂g j M̂2g4M̂g4M̂ D
5

Nc

2
r 2(

x
S (

j
^0hsug j M̂g j u0h8s8&

2^0hsug4M̂g4u0h8s8& D
3^0h8s8uM̂ u0hs&. ~3.30!

We evaluate the matrix elements in Appendix A to obtain
final result

DSeff~M̂ !5const2Nc

r 2

2
~J24Y!(

x
tr r1M̂ . ~3.31!

Only the coefficient has changed from Eq.~3.23!. One might
have expected that the well-known cancellation between
fermions and the Pauli-Villars bosons affects the low-ene
sector, but this does not occur. Nonetheless, the heavy su
partners of the mesonic bound states must play an esse
role in canceling the infinite number of heavy modes, th
allowing the above truncation to a low-energy effecti
theory.

IV. DISCUSSION

In this paper we have argued that, at strong coupli
non-Abelian gauge theory with domain wall fermions exh
its explicit chiral symmetry breaking but with an enlarge
spectrum of pseudo-Goldstone modes characteristic of
doubling phenomenon. We derived the effective action
domain wall fermions at the leading order of the strong co
pling and large-Nc expansions in the limit that the lattic
spacing of the fifth dimension goes to zero and its exten
infinity; therefore our conclusions apply also to overlap fe
mions.

Our results also depend on perturbing to lowest orde
the Wilsonr parameter in the neighborhood of a stationa
point with maximal symmetry consistent withr 50. Another
phase, with different symmetry, might be encountered at
nite r. We consider it unlikely that moving to a saddle poi
with lower symmetry will restore any symmetry broken
this most symmetric saddle point. Thus it would be surpr
ing if chiral symmetry is restored at the truerÞ0 saddle
point. On the other hand, theU(4Nf) symmetry characteris
tic of exact doubling could end up broken; likewise, corre
tions of higher order in 1/g2 might break this symmetry. We
do not know of another signal of doubling that could then
4-8
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sought in the meson spectrum.
Our analytic results provide evidence for a phase tra

tion from a weak coupling phase with good chiral propert
to a strong coupling phase where the desired chiral prope
are lost. This is based on the observation that to lowest o
in r there is an explicit breaking term identical in form to th
quark mass term introduced by Shamir. Thus the true G
stone modes are lost. In the Monte Carlo simulations of
main wall fermions, a pattern of increasing violation of ch
ral symmetry has been observed as the coupling is m
stronger. The violations of chiral symmetry are suppres
exponentially inL5 and therefore increasing the couplin
requires increasingL5 and consequently the computation
burden. Our calculation, however, has been done in theL5

→` limit so we should not be seeing this problem. In th
limit, domain wall fermions are equivalent to overlap ferm
ons. The locality of the~effective! 4D Dirac operator is only
guaranteed@24# at moderate couplings and therefore the b
chiral properties at strong coupling might be connected w
the fact the theory is no longer local.

Since the induced breaking of chiral symmetry is identi
in form to that caused by a Shamir mass term, it is tempt
to consider tuning the latter to cancel the former. This h
been considered, in the context of finite-L5 effects, by the
authors of@25#. One is reminded of Wilson fermions, whe
the pions may be made massless by tuning the hopping
rameter. Wilson fermions donot regain chiral symmetry by
this procedure, except in the continuum limit; the massle
ness of the pion stems from the proximity of a phase wh
parity and flavor symmetry are spontaneously broken@14#. If
the analogy is exact, then tuningmS to make the Goldstone
bosons massless will not restore chiral symmetry in the
tice domain-wall theory. Neither would it restore locality
the effective overlap operator.

Recently, overlap fermions have been studied with a h
ping parameter expansion, valid for large values ofm @27#.
Our coefficientsJ andY vanish in the limitm→`, so that
chiral symmetry is apparently restored and our results
consistent with those of@27#. Golterman and Shamir@28#,
however, have argued that a chiralU(Nf)3U(Nf) symmetry
remainsrigorously unbroken for sufficiently large~not nec-
essarily infinite! values ofm. Thus there should be at lea
Nf

2 Goldstone bosons, including aU(1) pseudoscalar. Ou
results, while in agreement with the earlier Hamiltoni
study @16#, stand in contradiction with those of@28# in the
common region of applicability, namely, largeg andm. We
can only conjecture some subtlety in taking the double li
g2,m→`.

Our strong coupling results rest on the analysis of a ch
U(4NfL5u4NfL5) supermatrix model on a 4D lattice. A
external field is provided by the Hamiltonian in the fif
dimension. Such matrix models are very interesting but
toriously hard to analyze. This supermatrix model reform
lation of domain wall fermions is not peculiar to strong co
pling. At any coupling, after integrating out the gauge field
U(Nc) Yang-Mills theory with domain wall fermions mus
take the form of an effective theory,
11450
i-
s
es
er

d-
-

de
d

d
h

l
g
s

a-

s-
e

t-

-

re

it

l

-
-

,

Z5E DM ~x!expFS4~M !2Nc(
x

Str logM ~x!

2Nc(
x

StrhM~x!G , ~4.1!

expressed in terms of meson-like superfields. This is the
eluctible consequence of local 4D gauge invariance. The
fective theory contains all the mesonic bound state
(4NfL5)2 spin-flavors of quark-antiquark pairs, a like num
ber of pseudoquark-antipseudoquark pairs, and their su
partners. The physically interesting limit is 4NfL5→`, an
infinite number of ‘‘flavors.’’

Changing fromU(Nc) to SU(Nc) will introduce baryon-
like superfields but these are most likely irrelevant to the l
energy chiral phase structure. With this caveat, the only
ference between strong coupling and general coupling is
now the 4D action,S4(M ), is no longer restricted to neares
neighbor couplings, becoming more and more non-loca
we approach weak coupling. We expect this exact repres
tation for U(Nc) domain wall lattice QCD to be in the cor
rect chiral phase at weak enough coupling. The central qu
tion of this paper, whether the correct chiral symme
pattern persists at strong coupling, is a question concern
the role of the non-locality for aU(nun) 4D supermatrix
model in an external field at largen. Our present results give
some insight for the nearest-neighbor matrix model deriv
in strong coupling nearr 50. More general analysis of thes
matrix models can help to understand domain wall fermio
in the confined phase.
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APPENDIX A

We use the following Dirac matrices for the Euclidea
theory:

gk5r2sk , k51,2,3 g45r1

ak5g4gk5 ir3sk a4[1 ~A1!

g55r3 smn5 igmgn .

The single site fermion Hamiltonian is the same as that st
ied in @16#,

h5g4g5

]

]s
1mg4 , ~A2!

wherem[m24. We impose the boundary conditions
4-9
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~11g5!u~L !5~12g5!u~0!50 ~A3!

on the eigenfunctions ofh. We have taken a continuum lim
a5→0, L5→`, with L5a5L5 held fixed.

Sinceg4g552 ir2, there is no spin dependence inh and
thus its eigenfunctions take the form

u5S f̂ ~s!x

ĝ~s!x
D ~A4!

wherex is any 2-spinor. The spectrum contains discrete s
face states with wave functions

f̂ 56A0sinhk~s2L ![6 f 0~s! ~A5!

ĝ5A0sinhks[g0~s!, ~A6!

wherek satisfies the eigenvalue condition

k5m tanhkL. ~A7!

Their energies are

e56e056
m

coshkL
. ~A8!

As L→`, we havek→m and e0→0. Taking spin into ac-
count, there are four zero-energy states for each flavor, w
we denote byu0hs&, whereh56 is the sign of the energy
before takingL→`, ands is a spin label.

There are also continuum modes,

f̂ 56Aksink~s2L ![6 f e~s! ~A9!

ĝ5Aksinks[ge~s!, ~A10!

with the quantization condition

k5m tankL ~A11!

and energies

e56
m

coskL
56Ak21m2. ~A12!

There is a gap to this pseudo-continuum,ueu.m5m24.
When k@m the solutions of Eq.~A11! approach (2n
11)p/2L. We label these statesues&. Note that we takek
.0 and that there are two energiese for each value ofk.

The relation$g5 ,h%50 implies that

g5u0hs&5u02hs& and g5ues&5u2e,s&. ~A13!

Together with orthogonality of the eigenfunctions, this re
tion can also be used to prove

E ds f0f e5E dsg0ge50. ~A14!

Moreover, the overlap integral
11450
r-

ch

-

E
0

L

ds f0~s!g0~s! ~A15!

goes to zero exponentially asL→`. Using the explicit forms
of the g matrices, we find

^0hsugmu0h8s8&5^0hsugkues8&50, ~A16!

for m51, . . . ,4 andk51,2,3. On the other hand,

^0hsug4ues8&5H 2hdss8I~e! if sgn e5h

0 otherwise
~A17!

where

I~e!5E
0

L

ds f0~s!ge~s!.2Am

L

k

k21m2
~A18!

for largeL.
We use these matrix elements to calculate the coeffic

matrix in the symmetry-breaking term in the effective acti
~3.22!. This matrix is

^0hsug4M̂g4u0h8s8&5(
et

^0hsug4uet&M e^etug4u0h8s8&.

~A19!

According to Eq.~A17!, the matrix elements ofg4 are zero
unlessh5sgne and h85sgne; moreover, there is no spin
structure ing4 or in M e and sos5t5s8. Thus the matrix is
diagonal, and we need calculate only^0hsug4M̂g4u0hs&.
Using Eq.~A13!, we have

^02hsug4M̂g4u02hs&

5^0hsug4g5M̂g5g4u0hs&

5(
e

^0hsug4g5ues&M̂ e^esug5g4u0hs&

5(
e

^0hsug4u2e,s&M̂ e^2e,sug4u0hs&

5(
e

^0hsug4ue,s&M̂ 2e^e,sug4u0hs&

5(
e

^0hsug4ue,s&~2M̂ e!^e,sug4u0hs&,

by virtue of Eq.~3.13!. Thus

^02hsug4M̂g4u02hs&52^0hsug4M̂g4u0hs&,
~A20!

and the matrix takes the formJr3. Explicitly,
4-10
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J5^011ug4M̂g4u011&

5E
0

`

de r~e!^011ug4ue1&M e^e1ug4u011&

5
2m

p E
0

`

dk
k2

~k21m2!2

6Ak21m218Ak21m217

k21m2116

~A21!

whend54. Herer(e)5(L/p)(e/k) is the density of states
Let us turn to the Pauli-Villars bosons. Their wave fun

tions satisfy Eq.~A2! with antiperiodic boundary conditions

u~L !52u~0!. ~A22!

The spectrum contains only continuum modes,

f̂ 56Aeiks[6 f k~s! ~A23!

ĝ5Aeiks[gk~s!, ~A24!

where the momenta are quantized ask56(2n11)p/L. The
energies of these modes are

e56Ak21m2, ~A25!

and therefore there is a gapueu.m5m24. k runs from
2` to `, and there are two energiese for each value ofk.
The Pauli-Villars fields exhibit no zero mode.

We will need to know the overlap integrals between t
continuum Pauli-Villars modes and the fermion zero mod
For largeL,

E
0

L

ds f0~s!gk~s!.2A m

2L

1

k21m2
~m1 ik ! ~A26!

E
0

L

ds fk~s!g0~s!.A m

2L

1

k21m2
~2m1 ik !. ~A27!

By using these integrals and the explicit form of theg ma-
trices we find7

^0hsug j ueks8&B5 isss8
j A m

2L

1

k21m2
@m~h2sgne!

1 ik~h1sgne!#, ~A28!

^0hsug4ueks8&B5dss8A m

2L

1

k21m2
@m~2h2sgne!

1 ik~2h1sgne!#. ~A29!

7We mark the bosonic continuum states withB subscripts and
include k in the label because of thek→2k degeneracy; anF
subscript is added to fermion states where needed to avoid co
sion.
11450
-

s.

Proceeding to the effective action~3.30!, let us first evalu-
ate the matrix

^0hsug j M̂g j u0h8s8&5(
ekt

^0hsug j uekt&B

3M e B^ektug j u0h8s8&.

~A30!

Using Eqs.~3.13! and ~A28! one can easily prove that th
matrix ~A30! takes the formYr3. The coefficient is

Y5^011ug j M̂g j u011&

5E
2`

`

de r~e!
1

2 (
k56

^011ug j uek1&B

3M e B^ek1ug j u011&

5
2m

p E
0

`

dk
k22m2

~k21m2!2

6Ak21m218Ak21m217

k21m2116
.

~A31!

It is very similar toJ, and it is independent of the indexj.
We can now evaluate the matrix

^0hsug4M̂g4u0h8s8&5(
et

^0hsug4uet&F

3M e F^etug4u0h8s8&

1(
ekt

^0hksug4uet&B

3M e B^ektug4u0h8s8&.

~A32!

The first sum in Eq.~A32! is the same as that in Eq.~A19!
and is equal toJr3. Using Eqs.~3.13! and~A29! we find that
the second sum equals2Yr3. Changing basis in the space o
zero modes as in Eq.~3.23! convertsr3→r1.

APPENDIX B

In this appendix we derive the basic identity for the ge
erating function that allows the fermionic Grassmann in
grals to be replaced by integrals over a unitary matrix fi
M (x) @see Eqs.~2.17! and ~2.19!#. In particular we presen
the generalization of this well-known result to supermatric
@26#, which we require for the inclusion of the Pauli-Villar
fields @see Eqs.~2.34! and ~2.35!#.

In the absence of Pauli-Villars fields, we seek the ‘‘r
placement’’ of the fermion bilinears with matricesM (x)
PU(4NfL5),

M ss8
ab

~x!5
1

Nc
(
a51

Nc

cxs
aac̄xs8

ab →M ~x!. ~B1!fu-
4-11
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The essential identity allows the replacement of the gene
ing function

Z~J!5E dc̄ dc exp~2Nc tr JM!5~detJ!Nc ~B2!

by theU(n) group integral

I ~J!5E dM
1

~detM !Nc
exp~2Nctr JM!, ~B3!

up to a multiplicative constant, wheredM is the Haar mea-
sure forU(n) and n54NfL5. This identity was proven by
Kawamoto and Smit@10# and it follows immediately from a
similar identity for the one-link integral given earlier b
Creutz@19#.

The generating function that arises in the theory w
Pauli-Villars fields is

Z~J!5E dc̄ dc df̄ df exp~2NcStrJM!5~SdetJ!Nc,

~B4!

whereM is the supermatrix given in Eq.~2.26!. The gener-
alization to supermatrices of Eq.~B3! is

I ~J!5E dM
1

~SdetM !Nc
exp~2NcStrJM!, ~B5!

wheredM is the invariant Haar measure for the supergro
U(nun). The latter is the group that leaves invariant the no
( izi* zi1( iu i* u i in complex superspace, whereu i are Grass-
mann variables andzi are c-numbers.

We choose definitions of the supertrace and superdete
nant that differ from the conventional choice by Str→2Str
and Sdet→1/Sdet in order to simplify the comparison b
tween expressions before and after the including the Pa
Villars fields.8 To be explicit, we write

M5S A B

C DD , ~B6!

with the supervector index in the order (u1 ,u2•••un ,
z1 ,z2•••zn), i.e., Grassmann variables first. Then

StrM[ tr A2tr D, ~B7!

and

SdetM[eStr logM5
detA

det~D2CA21B!
. ~B8!

The proof of our identity relies on the following observ
tions. Since the integral measure is compact and the i
grand is free of singularities, the integralI (J) is holomorphic
in the components ofJ. In particular, if we write

8See Efetov@26#.
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t-

p

i-

li-

e-

J5S Jcc̄ Jcf̄

Jfc̄ Jff̄
D ~B9!

in block form and replaceJcc̄→zJcc̄ and Jff̄→z21Jff̄ ,
we can expandI (J,z) in a Laurent series,

I ~J,z!5 (
m52`

`

cmzm, ~B10!

whereI (J)[I (J,z51). There can be no dependence onz* .
Next we factor the Haar measure forU(nun)

[U(1)3U(nun)/U(1) as dM5df dM̂. The explicit pa-
rametrization for thisU(1) factor is

M5S eif/2Â B̂

Ĉ e2 if/2D̂
D . ~B11!

where M̂5M (f50) is special unitary, SdetM̂51. Note
that SdetM5einf SdetM̂5einf.

Introducing the source rotated underU(1),

Ĵ5S zeif/2Jcc̄ Jcf̄

Jfc̄ z21e2 if/2Jff̄
D , ~B12!

the group integral becomes

I ~J,z!5E df dM̂
1

eiNcnf
exp~2Nc StrĴM̂ !

5E df e2 iNcnfF~ Ĵ!. ~B13!

Moreover, invariance of the integraldM̂ over SU(nun)
5U(nun)/U(1) implies that the kernelF( Ĵ) is invariant un-
der right and left rotations,

F~ Ĵ!5F~UĴV†!, ~B14!

with U,VPSU(nun). ThusF( Ĵ) must be a function of the
invariants SdetĴ and Str(ĴĴ†) l . Holomorphy rules out the
trace terms Str(ĴĴ†) l because of their explicit dependence
z* . Then using SdetĴ5(zeif)n SdetJ, we see that the inte
gral overf projects out a single term in the Laurent expa
sion,cm for m5Ncn. Hence

I ~J,z51!5cm~SdetJ!Nc, ~B15!

proving the identity.
In the remainder of this appendix we shall prove Eq

~2.13! and~2.31!, which are of paramount importance in th
derivation of the effective actions~2.22! and ~2.36!. The
proof of Eq. ~2.13! was given in@10# and we shall briefly
sketch it here in order to extend it to the case of Eq.~2.31!,
in which one has also to deal with the Pauli-Villars field
Using Eq.~2.9!, we express the action~2.13! as a sum over
one-link integrals:
4-12
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S1~ c̄,c!5(
x,m

w„Ā~x!,A~x!…

5(
x,m

logE dU exp Tr@Ām~x!U1U†Am~x!#,

~B16!

whereĀ andA were defined in Eqs.~2.10! and ~2.11!. The
one-link integral appearing in Eq.~B16! was computed in the
large-Nc limit in @21,22#, with the result

w~Ā,A!5Nc
2H 3

4
2c12Nc(

a
~c1xa!1/2

2
1

2Nc
2 (

a,b
log@~c1xa!1/21~c1xb!1/2#J .

~B17!

Herexa are the eigenvalues ofĀA/Nc
2 andc is defined im-

plicitly by

15
1

2Nc
(

a
~c1xa!21/2. ~B18!

By expanding inxa , Eqs.~B17! and ~B18! can be rewritten
as a series in

(
a

~xa!k5TrS ĀA

Nc
2 D k

. ~B19!
00
B
.

n

.
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By rearranging the fermion fields inĀ andA we obtain

TrS ĀA

Nc
2 D k

52tr F2
1

4
l~x!Gk

, ~B20!

wherel(x) is defined in Eq.~2.12!. Thus for any function
that admits a series expansion we can write

1

Nc
(

a
f ~xa!5 f ~0!2

1

Nc
tr F f S 2

1

4
l D2 f ~0!G ,

~B21!

and using Eqs.~B17!–~B21! we obtain Eq.~2.13!.
By the same method we can prove Eq.~2.31! in the pres-

ence of the Pauli-Villars fields. The proof relies on the fa
that Eqs.~B17!–~B21! still hold but the trace tr should be
replaced by the supertrace Str. MoreoverĀ and A are now
defined by Eqs.~2.29! and~2.30!, andM by Eq.~2.26!. One
can easily verify that in the presence of Pauli-Villars fiel
one has, instead of Eq.~B20!,

TrS ĀA

Nc
2 D k

52StrF2
1

4
l~x!Gk

. ~B22!

Equation~B22! allows the expansion of Eq.~B17! in powers
of xa in the supermatrix case as well. One can thus prove
the action can be completely expressed in terms ofl as in
Eq. ~2.31!, where nowl is a bilinear function of the super
matrix M given in Eq.~2.26!.
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